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General rules

May 12, 2025
Basic Integration
Variable of Function Integral Conditions
k (constant) [kdz =kz+C
" fx"dx:”;‘:jll—i—C n#—1
1 [Ldz=In|z|+C x#0
e® Jetdr=e*+C
k® [k*de =L +C k>0k+#1
L) gy =1 c
f(z) f o) 9= n|f(z)| +
d =24/
, f\ (2))" dz =
(f(x)) ' f (f(z))ﬂ-*-l f(x) 1st degree
n+1 C
Trig Integration
Trigonometric Functions Square Integral

fsinQde:%quLC [sinzdz = —cosz + C

[cos?ude =% 4 2 4 ¢ [coszdr =sinz+ C

[tan®*udz = tanu —u+ C Jtanazdr = —In|cosz| =In|secx| + C

[sec?udz = tanu + C [seczdx =1In|tanz + secz| + C

Jesc?udr = —cotu+ C [escxdr =In|cscx — cotz| + C

[ cot? udr = —cotu —u+C Jeotxdr =In|sinz| = —In|cscz|+ C
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General Trigonometric Rules:

The Rules:

1+ tan?z = sec’ z (1)
1+cot?z =csc’x (2)
sin?z + cos®z = 1 (3)

cos® & = %(1 + cos 2x) (4)
sinx = %(1 — cos 21) (5)
sin 2x = 2sin x cos © (6)
cos 2z = cos® x — sin’ (7)
=cos’z —1 (8)
=1—sin’z 9)

(10)

Trigonometric Substitution Formulas

Expression Substitution Simplified Form Diagram

v+ aQi
V12 +a? r=atanf V2 +a? =asech z

a
. x
a? — x? T =asinf va? —x2 =acosf

x
—a? T = asecf Vz? —a? =atanf x2 —q?

Trig Powers

Strategy for Evaluating [ sin™ x cos” z dx

2

(a) If the power of cosine is odd (n = 2k + 1), save one cosine factor and use cos?z = 1 — sin? z to express the remaining

factors in terms of sine:
/sinm z cos?*H g dr = / sin™ x(cos? x)" cos z dx

= /sinm z(1 — sin® z)* cos x dx

Then substitute v = sin x.

(b) If the power of sine is odd (m = 2k 4 1), save one sine factor and use sin? z = 1 — cos®  to express the remaining factors
in terms of cosine:

/ sin?* 1z cos™ x dx = /(sin2 )" cos™ x sin z da
= /(1 — cos? )¥ cos™ x sin x da

Then substitute u = cosz. [Note that if the powers of both sine and cosine are odd, either (a) or (b) can be used.]

(c) If the powers of both sine and cosine are even, use the half-angle identities

1 1
sin? ¢ = 5(1 —cos2x) cos?x = 5(1 + cos 2z)

It is sometimes helpful to use the identity

. 1 .
sinx cosx = — sin 2x
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Strategy for Evaluating [ tan” zsec” z dx

2

(a) If the power of secant is even (n = 2k, k > 2), save a factor of sec? z and use sec? x = 1 + tan? x to express the remaining

factors in terms of tan x:

/tan" zsec?® ¢ dx = /tan" z(sec? )L sec? x dx

= /tan” x(1 + tan® )" sec? x dx

Then substitute u = tan x.

2

(b) If the power of tangent is odd (m = 2k+1), save a factor of sec x tan z and use tan? x = sec? 7 — 1 to express the remaining

factors in terms of sec x:

/ tan?**1 g sec” z dx = /(tan2 z)*sec" ! rsecz tan x d

= /(sec2 z—1Fsec" ! zsecx tanz dx
Then substitute u = sec x.

Iym = [sin"x cos™zdx
Iym = [tan"™z sec™ z dx
*Note

e n — m — odd — Substitute the smallest
e nodd — meven — Substitute odd

e neven — meven — Substitute both of them

Sin & Cos Identities

sinacosh — %[sin(a—&—b)—i—sin(a—b)] (11)
cosasinb — %[Sin (a+b) — sin (a — b)] (12)
cos acosb — %[cos (a+b) + cos (a—b)] (13)
sin asinb = %[cos (@ —b) — cos (a+b)] (14)

(15)

Partial Fractions

1. Denominator with Distinct Linear Factors

General Form

For denominators with distinct linear factors:

P(x) __A N B N C N
(x—a)(x=b)(x—c)... (x—a) (x=0) (x—2c)
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2. Denominator with Repeated Linear Factors

General Form

For denominators with repeated linear factors:

P(z) A B By C1 Cy Cs

(x —a)(x —b)2(x—c)3... B (a:—a)+(m—b)+(a¢—b)2+(ac—c)+($—c)2+(ac—c)3

3. Denominator with Quadratic Factors

General Form

For denominators with irreducible quadratic factors:

P(x) A Bz +C
S S A e e T S e 1
x(z? + ax + b) x+x2+ax+b (18)

For repeated quadratic factors:

P(x) A Bz +C Dz + E
-7 = 19
z(x? + ax + b)? x+x2+ax+b+(x2+ax+b)2 (19)

4. Denominator with Second-Degree Equations

General Form

For denominators with second-degree equations:

P(x) Az +B Cx+ D Asx + By Cozx + Do
(22 —a)2(x2 —b)2... (22—a) (22—a)? (22 =) (22 —b)?

(20)
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Completing Square

Main Formula

Ax+ B
_ 21
/xz—i—bx—i—cdx (21)
Az + B
OR | ——————d 22
/\/x2+bx+c v (22)
(23)
2 +br+c=0 (24)
bio by
)2 (2 — 2
(@+5)°=(5)"+c=0 (25)
(26)

Notes:
e sin"'x — #
V1—22
e cos 1x — _71
V1— 22
1
tan—1
e tan 1 x 522
e cot™lx — -1
1+ 22
1 1
e secT X —
zvz? —1
-1 -1
e csc X —
V2 —1
1
o sinh 'x - ———
Vaz+1
1
e cosh™tx —
2 —1
-1 -1 1
e tanh™ " x =coth™ " x — 5
1—=x
-1
e sech'x - ———
V1 — 22
-1
esch™tx —» ——
|x]V1 + 22
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Arc Length

Arc Length Formula

For curves of the form y = f(z)

If f is continuous and differentiable on the interval [a, b], then the arc length is:

= [+ (2)

If ¢ is continuous and differentiable on the interval [c, d], then the arc length is:

/\/1+ dx dy

fromx =1 tox=2.

For curves of the form z = g(y)

Examples
Example 1. Find the arc length of y = 7553/2
Solution:

fla)= 2297, f) = Ve

2 3
L:/ \/l—l—xdaj:/ Vudu whereu=1+z
1 2

_ % <33/2 _ 23/2> ~ 1.578.

Example 2. Find the arc length of y = %(e"” +e ®) fromx =0 tox=2.
Solution:

f@) = e+ e, F@) = 5 - o)
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Reduction formulas

I, = /sin"xdx = /sin"_1 z sinx dx
Using integration by parts:

uw=-sin""'z = dv=sinx

du=(n—1)sin" ?zcoszdr =V = —cosx

I, = —coszsin" ‘x4 (n—1) /sin"_2 x cos? x dx

= —coszsin" 'z + (n—1) /Sin”_2 z (1 —sin?2)dx

(
= —coszsin" 'z + (n—1)[I,_o — (n—1)I,]
I,+(n—1)I,=—coszsin" ‘o + (n—1)I,
nl, = —coszsin™ 'z + (n— 1)1,
-1 -1
I, = —coszsin” 'z + i I,_2
n

2. I, = [cos"zdx = [cos" 'z coszdx
Using integration by parts:

u=cos" 'z = dv=cosz

n—2

du=(n—1)cos" “z(—sinz)dr =V =sinz

I, =sinzcos" 'x+ (n— 1)/005"*2 x sin? x dx
=sinzcos" tz 4 (n — 1)/(:05"*2 z (1 —cos’z)dx

= sinz cos™ !

x4+ (n— 1)/(:05"_2xdx —(n—-1) /cos”mdx
Yot (n—1)[Ih_2— (n—1)1,)
I+ (n—1)I, =sinzcos" o+ (n— 1)1,
Yo+ (n—DI,
n—1

= sinx cos" ™

nl, = sinz cos™™

I, = - sinz cos" x4+ Lo

3. I, = [sec"wdx = [sec" ?xsec? xdx

Using integration by parts:

u=sec" “x
dv = sec’ x dx
du = (n — 2) sec" 3 xsec x tan x dx
= (n —2)sec" %z tanx dx

v =tanx
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I, = tanzsec" 2z — (n — 2) /secn_2 xtan? x dx
=tanzsec" ?x — (n —2) /sec"*2 z(sec’ x — 1) dx

= tanwsec" ?z — (n - 2) /sec” zdr + (n—2) / sec" 2 x dx

=tanzsec" ?x — (n—2)I, + (n — 2)I,_

I+ (n—2)I, = tanzsec 2z + (n — 2)I,_»
(n —1)I, = tanxsec" 2z + (n — 2)I,_»
9 n—2

1
I, = ——tanxsec" “x +
n—1 n—1

In72
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n=Jesc"wdr = [esc" 2w esc? v da
Using integration by parts:
u=csc" %z
dv = csc? x dx
du = (n —2) csc" 3 z(— cscx cot ) dx
—(n —2)esc" %z cot x dw

v=—cotx

I, = —cotzesc" 2z — (n—2) / esc" 2 xcot? x da
= —cotzesc" 2x — (n —2) / esc" % x(esc® x — 1) dx

= —cotzesc"Pa — (n - 2)/C50n$d$ +(n —2) /Csc"_2:cdm

= —cotzesc" 2a — (n—2)1, + (n —2)1,_»

I+ (n—2)I, = —cotzesc" 2 x+ (n—2)1,_
(n—1)I, = —cotxesc" 2z + (n—2)I,_

-1 9 n—2

cotxesc" Cx + I,_2
n—1 n—1

3
[

5. I, = [tan" zdx = [tan" =z tan®z dx

I, = /tan"_2 z(sec’z — 1) da (27)
= /tan”_steCQxdm - /tan"_2 dx (28)
I, = tan" ta — I, 29
—qtan" e 1 (29)
6. I, = [cot"xdr = [cot" 2z cot? zdx
= /cot” 2x(csc?x — 1) dx (30)
= /cot" 2 2 csc? xdm—/cot"_2 dz (31)
I, = 1cot" Yo —1,.4 (32)
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7. 1, =
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J(Inz)™dx

I, = /(lnx)"da;
Let u = (Inz)” du=n(lnz)"*- ldnc
x
dv=dr v==x

1
I, =2(nz)" — /x ‘n(lnz)" . —da
x

— 2(nz)" — n/(lnx)"_ldx

I, =2(nz)" —nl,_
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